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VARIATIONS OF THE SOLUTION TO A STOCHASTIC 
HEAT EQUATION 

By Jason Swanson 1 

University of Wisconsin-Madison 

We consider the solution to a stochastic heat equation. This so- 
lution is a random function of time and space. For a fixed point in 
space, the resulting random function of time, F(t), has a nontrivial 
quartic variation. This process, therefore, has infinite quadratic vari- 
ation and is not a semimartingale. It follows that the classical Ito 
calculus does not apply. Motivated by heuristic ideas about a possi- 
ble new calculus for this process, we are led to study modifications 
of the quadratic variation. Namely, we modify each term in the sum 
of the squares of the increments so that it has mean zero. We then 
show that these sums, as functions of t, converge weakly to Brownian 
motion. 

1. Introduction. Let u(t,x) denote the solution to the stochastic heat 
equation ut = \ u xx + W(t,x), with initial conditions u(0,x) = 0, where W 
is a space-time white noise on [0, oo) x R. That is, 

u(t, X )=[ P (t-r,x-y)W(dr,dy), 

where p(t,x) = (2-Kt)~ l l 2 e~ x ' '^ 2t is the heat kernel. Let F(t) = u(t,x), where 
x £ R is fixed. In Section 2 we show that F is a centered Gaussian process 
with covariance function 

EF(s)F(t) = (2vr)- 1 / 2 (|t + s\ 1/2 -\t- s\ 1/2 ), 
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and that F has a nontrivial quartic variation. That is, let II = {0 = to < t\ < 
ti < ■ ■ •}, where tj j oo, and suppose that | IX | = sup(tj — tj_i) < oo. If 

iV(t) 

Vn(t) = J2\ F (ti)-F(tj-i)\ 4 , 
i=i 

where iV(t) = max{j : tj < t}, then 



lim 

|n|-o 



sup 

0<t<T 



V n (t)--t 

TT 



0. 



(See Theorem 2.3.) It follows that F is not a semimartingale, so a stochastic 
integral with respect to F cannot be defined in the classical Ito sense. (It 
should be remarked that for a large class of parabolic SPDEs, one obtains 
better regularity results when the solution u is viewed as a process 1 1— > it(t, •) 
taking values in Sobolev space, rather than for each fixed x. Denis [4] has 
shown that such processes are in fact Dirichlet processes. Also see Krylov 
[12].) 

In this paper and its sequel, we wish to construct a stochastic integral with 
respect to F which is a limit of discrete Riemann sums. This construction 
is based on the heuristic ideas of Chris Burdzy, which were communicated 
to me during my time as a graduate student. Before elaborating on this 
construction, it is worth mentioning that, for fixed x, the process 1 1— > u(t,x) 
shares many properties with i? 1//4 , the fractional Brownian motion (fBm) 
with Hurst parameter H = 1/4. Several different stochastic integrals with 
respect to fBm have been developed, and there is a wide literature on this 
topic. See, for example, Decreusefond [3] and the references therein for a 
survey of many of these constructions. 

We consider discrete Riemann sums over a uniformly spaced time parti- 



tion tj = jAt, where At ■ 



n 



- x . Let AFj 



F(tj) — F(tj-\). Direct compu- 



tations with the covariance function demonstrate that 



[nt\ 

E^Fit^AFj 



j'=i 



[nt\ 

and Ej2 F (tj)AFj 

.7=1 



both diverge, showing that left and right endpoint Riemann sums are unten- 
able. We therefore consider Stratonovich-type Riemann sums. There are two 
kinds of Stratonovich sums that one might consider. The first corresponds 
to the so-called "trapezoid rule" of elementary calculus and is given by 

[nt\ 

$ T (At) = J2 \ G/Wi-i)) + g'iF^AF,, 

3=1 
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where, for now, we take g to be a smooth function. The second corresponds 
to the so-called "midpoint rule" and is given by 

[nt/2\ 

<MAt)= £ g'iFit^MF^-Fit^)). 

The midpoint Riemann sum can also be computed using the value of the 
integrand at points with even index, in which case we would consider 

[nt/2\ 

$ M (At)= £ (/(F(t2j))(F(t2j+i) — F(t 2 j-i)). 

Note that 

2|nt/2j+l 2[nt/2\ 

$ M (Ai) + $ M (At)= J] 5 , (i ? (i J -i))AF i + £ g^F^AFj, 

3=2 j=l 

so that <& T (At) w i ($M(At) + $a/ (At)), where means the difference 
goes to zero uniformly on compacts in probability (ucp) as At — > 0. 

One approach to studying these Riemann sums is through a regularization 
procedure developed by Russo, Vallois and coauthors [7, 8, 14, 15]. For 
instance, to regularize the trapezoid sum, we define 

At Ln<J_1 

<MAt, £ ) = — £ (g'(F(t j )) + g'(F(t j + e)))(F(t j + e)-F(t j )), 

3=0 

so that $ r (At) = $ r (At, At). We then consider 
lim lim ® T (At,e) 

(1-1) 

= hm - / (g'(F(s))+g'(F(s + e)))(F(s + e)-F(s))ds. 
e->o 2e Jo 

If this limit exists in probability, it is called the symmetric integral and 
is denoted by Jg'(F)d°F. In the case that F = B 1 ^, Gradinaru, Russo 
and Vallois [8] have shown that the symmetric integral exists, and is simply 
equal to g{F{t)) — g(F(0)). In fact, this result holds for any Hurst parameter 
H > 1/6, which was proven independently by Gradinaru, Nourdin, Russo 
and Vallois [7] and Cheridito and Nualart [2]. Similarly, we can regularize 
the midpoint sum by defining 

At [nt/2i 

<MAt,e) = — £ g'(F(t 2 ^ 1 ))(F(t 2 ^ 1 +e)-F((t 2 ^ 1 -e)V0)). 

3=1 
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Again, $^(At) = $Af(At, At), and this time we find that 

(1.2) lim lim $ M (At,e) 

= lim 1 r 5 '(F( S ))(F( S + e) - F((a - e) V 0)) da. 
e^O 2e Jo 

Using a change of variables, we can see that the right-hand sides of equa- 
tions (1.1) and (1.2) are equal. In other words, both the trapezoid and the 
midpoint Riemann sums have the same limit under the regularization pro- 
cedure. 

It is natural to suspect that similar results hold when the regularization 
procedure is abandoned and we work directly with the discrete Riemann 
sums. To investigate this, let us consider the Taylor expansion 

(1.3) g(x + hi) - g{x + /i 2 ) = ]T - 9 b) {x){h{ - h\) + R(x, hi) - R(x, h 2 ), 
where 

R(x,h) = \ l [ h \h-tfg^\x + t)dt. 
4! Jo 

In particular, if M = sup|(/ 5 )(£)|, where the supremum is taken over all t 
between x and x + h, then 

(1.4) \R{x,h)\<M\h\ 5 /b\. 

Substituting x = Ffaj-i), hi = AF 2 j, and hi = — Ai^'-i into 1.3, we have 
g(F(t 2j ))-g(F(t 2j - 2 )) 

= E h <? (i) (^-i))(Ai%. - (—iyAF J 2 j_ l ) 
i=i 

+ R(F(t 2j -i),AF 2j ) - R(F(t 2j -i), —AF 2 j-i)- 
Substituting this into the telescoping sum 

N 

g(F(t)) = g(F(0)) + J]{j(Fy - g(F(t 2] _ 2 ))} 
i=i 

+ g (F(t))-g(F(t 2N )), 
where N = [nt/2\ , we have 

<S> M (At)=g(F(t))-g(F(0)) 

N 

(1.5) - \ $:/(F(t 2j _ 1 ))(AF 2 2 i - AF 2 j_ l ) 

3=1 
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l „/// 



</"(F(t;y-i))(A** + AF 2 3 J _ 1 ) - ei - 82 - e 3 , 
3=1 

with 

TV TV 

ei 4E» (4) ( f fe-i))K - ^Es (4) ( f (%-i))K-i. 

3=1 3=1 

TV TV 

e 2 = £ R(F(t 2j ^),AF 2j ) - ]T R(F(t 2j ^), -AF 2 j-i), 

3=1 3=1 
e 3 =5(i ? W)-5(i ? (i2Tv)). 

By continuity, £3^0 ucp. Using Theorem 2.3 and (1.4), we can show that, 
under suitable assumptions on g, e 2 — > ucp. Similarly, using Theorem 2.3, 
we can show that both summations in the definition of e± converge to 

±-J*g(*)(F(s))ds, 
so that £1 — > ucp. As a result, we have 

TV 

* M (At)*g(F(t))-g(F(0)) - \ ^/(F(t 2j _ 1 ))(AF| J - AF%_ X ) 

3=1 

(1.6 

TV 

- i ^ 5 w (F(t 2i _ 1 ))(AF| j + AF^)- 
3=1 

By similar reasoning, we also have 

TV 

8 M (At) *g(F(t)) - g(F(0)) - \ Y,g"(F(t 2j ))(AFi j+1 - AF& 



3=1 



TV 

1 £/'(F(tiy))(Al$ +1 + Ai$). 

3=1 

Taking the average of these two gives 

[nt\ 

*T(*t)*>g(F(t))-g(F{0)) + \ Y(g"(F(t j ))-g"(F(t j ^)))AF? 

3=1 

\nt\ 

-^g'"(F(t 3 ))(^ +1 + AFf). 
3=1 
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Using the Taylor expansion f(b) -f(a) = \ (/'(a) + f'(b))(b-a) + o(\b-a\ 2 ) 
with / = g" , we then have 

[nt\ 

«MAt) « »(F(t)) - (,(F(0)) + /'(F(^))(AF/ +1 + Aif), 

3=1 

which is the discrete analog of the expansion used in Gradinaru et al. [8]. 
In the sequel to this paper, which will be joint work with Chris Burdzy, we 
will show that the results of Gradinaru et al. for third-order forward and 
backward integrals extend to this discrete setting. That is, we will show that 

Ln.tJ [nt\ 

Em $>'"(F(i,))Aif +1 = - Mm 
j=i i=i 

= -- />)(F( S ))d S 
vr Jo 

ucp. Hence, in this discrete setting, we obtain the same result as Gradinaru 
et al. That is, $ T (At) -> g(F(t)) - g(F(0)) ucp. 

However, this is only for the trapezoid sum. In the discrete setting, with- 
out regularization, the convergence of $r(At) no longer implies the conver- 
gence of <$jv/(Ai), and the results of Gradinaru et al. do not extend to the 
discrete midpoint sum. We see from (1.6) that to investigate the convergence 
of 3>ji/(Ai), we must investigate the convergence of 

[nt/2\ 

(1-7) E /(ffo-OXAJ^ - AF|j_i). 

In Proposition 4.7, we show that, when g" = 1, this sum converges in law 
to kB, where n is an explicit positive constant and B is a standard Brow- 
nian motion, independent of F. This result suggests that we may define 
Jq g' (F(s)) d M F(s) as the limit, in law, of 3>jvf(At), and that this integral 
satisfies the change-of-variables formula 

(1.8) g( F (t))=g(F(0))+ f t g'(F(s))d M F(s) + ^ f g" (F(s)) dB(s). 

Jo * Jo 

The emergence of a classical ltd integral as a correction term in this for- 
mula shows that, unlike the trapezoid sum, the midpoint sum behaves quite 
differently in the discrete setting than it does under the regularization pro- 
cedure. In the case that g(x) =x 2 , equation (1.8) immediately follows from 
the results in this paper. (See Corollary 4.8.) The extension of (1.8) to a 
class of sufficiently smooth functions will be the subject of the sequel. 

Note that, when g" = 1, each summand in (1.7) is approximately mean 
zero and has an approximate variance of At. The convergence of this sum 
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to Brownian motion will therefore follow as a special case of the main result 
of this paper, Theorem 3.8, which is a Donsker-like invariance principle for 
processes of the form 

\nt\ 

B n (t) = J2^h j (aj 1 AF j ), 

i=i 

where {hj} is a sequence of random functions and crj = EAF 2 . The precise 
assumptions imposed on the functions {hj} are given in Assumption 3.1. 
Essentially, the functions hj(x) must grow no faster than \x\ 2 and must be 
chosen so that each of the above summands has mean zero. According to 
Theorem 3.8, the sequence {B n } converges in law to a Brownian motion, 
independent of F, provided that the variance of the increments of B n con- 
verge. In Section 4 we present several examples where the hypotheses of 
Theorem 3.8 can be verified by straightforward calculations. Chief among 
these examples is the case hj(x) = (— l) J (x 2 — 1), which gives us Proposition 
4.7. 

The proof of Theorem 3.8 relies, in part, on the fact that F is a Gaussian 
process whose increments have covariances which decay polynomially. It 
should be remarked, however, that this decay rate is too slow for existing 
mixing results such as those in Herrndorf [9], or existing CLTs such as that 
in Bulinski [1], to be applicable. Instead, we shall appeal to the additional 
structure that F possesses. Namely, in the proof of Lemma 3.6, we make 
significant use of the fact that F has a stochastic integral representation as 
the convolution of a deterministic kernel against a space-time white noise. 

It should be emphasized that the conjectured convergence of &M(At) for 
general functions g is only in law, so that the stochastic calculus which 
would result from (1.8) would be somewhat different from the usual flavors 
of stochastic calculus we are used to considering. It is also worth mentioning 
that the midpoint Riemann sum is not unique in its ability to generate an 
independent Brownian noise term. Such a term appears, for example, in 
the study of the asymptotic error for the Euler scheme for SDEs driven by 
Brownian motion (see Jacod and Protter [10]). An independent Brownian 
noise term is also generated by the trapezoid Riemann sum when it is applied 
to fractional Brownian motion B 1 / 6 . In [7] and [2], it is shown that the 
symmetric integral J{B 1 /q) 2 <i°B 1/ / 6 does not exist. In fact, the variances of 
the regularized approximations explode. The same is not true for the discrete 
trapezoid sums. In fact, for any continuous process X, 

[nt\ 
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[nt\ 



X(0) 3 + A^(^fe) 2 + X^Xtyj-x) + Xit^f 
3=1 

X(0) 3 + £ AX,- (f^fe) 2 + X^) 2 ) - ^AXj) 



X(0) 3 + 3^ " 
3=1 



\nt\ 



AX^-^AXf. 



3=1 



Nualart and Ortiz [13] have shown that, for X = Sj/g, this last sum con- 
verges in law to a Brownian motion. This illustrates yet another way in 
which the discrete approach differs from the regularization method. 

2. The quartic variation of F. Define the Hilbert space H = L 2 (R 2 ) and 
construct a centered Gaussian process, 1(h), indexed by h G H, such that 
E[I(g)I(h)] = Jgh. Recall that p(t,x) = (2vrt)- 1 / 2 e"^/ 24 and for a fixed 
pair (t,x), let h tx (r, y) = l[ ,t] (r)p(t - r, x - y) £ H. Then 



(2.1) F(t) = u(t,x)= p(t-r,x-y)W(drxdy)=I(h tx ). 

J[0,t]xU 

Since F is a centered Gaussian process, its law is determined by its covari- 
ance function, which is given in the following lemma. We also derive some 
needed estimates on the increments of F. 



Lemma 2.1. For all s,t& [0, oo), 



(2.2) 



EF(s)F(t) 



(\t + s\ 1/2 - \t - s 



l/2> 



If < s <t, then 



(2.3) 



E\F(t)-F(s) 



I2(t-s) 



7T 



ForfixedAt>0, define tj = j At, and let AFj = F(tj) - F(tj-\). Ifi,je 
with i < j, then 



(2.4) 



E[AF i AF j ] + J^ l3 _ 



< 



1 



(U + tj)^ 



At 2 , 



where = 2Vj - \fj - 1 - V J + 1 • 
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PROOF. For (2.2), we may assume s < t. By (2.1), 
E[F(s)F(t)] = / / p(t — r,x — y)p(s — r,x — y) dr dy 



o va* ~ r )( s ~ r ) 
o \flt - r)(s - r) 



exp 



exp 



ix-y) 2 {x-yf 



2(t-r) 2(s-r) 

(x-y) 2 (t + s-2r) 
2{t-r)(s-r) 



dy dr 
dydr. 



Since (27T)" 1 / 2 J exp{-(x - y) 2 /2c] dy = s/c, we have 



E[F(s)F(t)} 



1 



1 



: dr 



1 



(\t +s \^-\t- s n 



x/2^ Jo yft + s-2r y/2^ 
which verifies the formula. 

For (2.3), let < s < t. Then (2.2) implies 

(2.5) E\F(t) - F(s)\ 2 = -^={Vi+Vs-V2t + 2s + V2t- 2s). 

'IT 



Thus, 



E\F(t)-F(s) 



I2(t-a) 



7T 



\Vi + y/8- v / 2T+2s| 
(v^-y^) 2 



which gives 

E\F(t)-F(s)\ 2 



l 2(t-s) 



7T 



< 



Vt + y/s + \/2t + 2s 



^(l + V2)V~t 
\t-s\ 2 



^(l + ^2)^i(Vt + ^) 2 ' 



Hence, 



(2.6) 



E\F(t)-F(s) 



<2(t-s) 



7T 



< 



1 



0F(1 + V2> 3 / 2 



\t-s\ 2 , 



which proves (2.3). 

Finally, for (2.4), fix i < j. Observe that for any k>i, 

E[F(t k )AFi] = E[F(t k )F(U) - F(t fc )F(ti_i)] 

(Vtk + U ~ V tk — ti — \Afc + ti-l + y/tk— ti-i) 



2n 
At 




(Vk + i- Vk-i - y/k + i-l + Vk-i + 1). 
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Thus, 

E[AFiAFj] = E[F(tj)AFi] - ^(t^JAFi] 

'a* 




( VJ+^ - VF 7 ^ - y/j + * " 1 + V3 ~ i + 1 



- Vj + i - 1 + Vj ~ i ~ 1 + Vj + i ~ 2 - v^F 7 ^) , 

which simplifies to 

(2.7) -E^AFjAFj] = ( 7i+i _! + 7j _,). 

The strict concavity of x i— > implies that 7fc > for all /c G N. Also, if 
we write 7^ = /(fc — 1) — /(fc), where f(x) = y/x + 1 — then for each 
k>2, the mean value theorem gives 7^ = — 0)\ for some G [0,1]. 
Since < x~ 3 / 2 /4, we can easily verify that for all fcsN, 

(2.8) < 7fc < 



Since j + i — 1 > (j + i)/2, we have 



ElAFiAFA + J^-^. 



< 




1 2 At 



2tt V2({j + i)/2f/ 2 V 7f (* + j) 3/2 ' 



and this proves (2.4). □ 

By (2.2), the law of F(t) = u(t, x) does not depend on x. We will therefore 
assume that x = 0. Note that (2.6) implies 

(2.9) ■K' 1,2 \fAt<EAF)<2\fAt 

for all j > 1. In particular, since -F is Gaussian, we have E\F(t) — F(s)\ in < 
C n \t — s\ n for all n. By the Kolmogorov-Centsov theorem (see, e.g. Theo- 
rem 2.2.8 in [11]), F has a modification which is locally Holder continuous 
with exponent 7 for all 7 G (0, 1/4). We will henceforth assume that we are 
working with such a modification. □ 

Also note that (2.7) and (2.8) together imply 

2At 2 2\/Ai rA A . 

for all 1 < i < j. In other words, the increments of F are negatively correlated 
and we have a polynomial bound on the rate of decay of this correlation. 
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For future reference, let us combine these results into the following single 
inequality: for all i,j G N, 



(2.10) 



\E[AFiAFj]\ < 



2VAt 



.,•1-3/2 > 



where we have adopted the notation = (x V l) r . In fact, with a little 
more work, we have the following general result. 



Lemma 2.2. For all < s <t <u < v, 
(2.11) \E[(F(v)-F(u))(F(t)-F(s))]\< 

Proof. Fix < s < t. For any r > t, define 

1 



2 \t — s\ \v — u\ 



TT \U — S 



f(r)=E[F(r)(F(t)-F(s))] 
Then 

f'(r 

Since 



(y/f + t — Vr — t — \fr + s + V r — s). 



1 



y/r + s — \/r + t \Jr — s — \Jr — t 
2 V / 2¥V y/(r + t)(r + s) y/(r-t)(r-s) 



\Jr ± s — \Jr ±t 



y/(r±t)(r±8) 



< 



\t-s\ 



we have 



\E[(F(v)-F(u))(F(t)-F(s))}\< 



1 



r — s\ 



\t-s\ 



< 



\/2tt Ju \Jr — t \r — s\ 
1 \t-s\ f v 1 



\fhx \u - s\ Ju y/r-t 
2" \t-s 



dr 
dr 



< 



TT \U — S\ 

2 \t — s\ \v — u\ 

TT \u — s\\/v — t 



(\/v — t — \Ju — t) 



whenever 0<s<t<u<v. □ 



Theorem 2.3. Let 



N(t) 

Vn(t)=Y,\F(tj)-F(t 



12 
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where II = {0 = to < t\ < £2 < • • ■} "is a partition of [0,oo), that is, tj f 00 
and N(t) = max{j : tj < t}. Let |II| = sup(tj — tj— 1) < 00. Then 

2i 



lim E 

|n|-»o 



sup 

0<t<T 



V n (t)--t 

7T 







/or all T > 0. 



Proof. Since Vn is monotone, it will suffice to show that Vn(t) — ► 6t/ir 
in L 2 for each fixed t. In what follows, C is a finite, positive constant that 
may change value from line to line. Fix t > and let N = N(t). For each j, 
let AFj = F(tj) - F(tj_i), cr 2 = £AF|, and Atj = ^ - Note that 



N N / fi 

Vfc(t) = E(A^ 4 - 3oJ) + E M - - Atj ) + ^ - t). 

i=i j=i v 



6 

7T 



By (2.3), 













/2At j 

1/ 7T 


3<r 4 - - At,- 

7T 


= 3 









Thus, 
(2.12) 



N 



■At, 



7T 



<c|n| 3 / 4 E — 



<A A t 5/2 <— At 7/4 

- ,3/2 ^ - 3/4 • 



A 



3=1 b i 



3/4' 



which tends to zero as |II| — > since f x _3//4 dx < 00. 

To complete the proof, we will need the following fact about Gaussian 
random variables. Let X\ , X2 be mean zero, jointly normal random variables 
with variances a 2 . If p = (crio^)" 1 E\X\X2[, then 

(2.13) E[Xfxl] = 44(^9* + 72p 2 + 9). 

Applying this in our context, let pij = (aiUj)" 1 E[AF,iAFj] and write 



E 



N 



£(AF 4 -3a: 



JV AT 

^EEl^AFf-SaDCAFl-Sa); 

i=ii=i 

AT V 

= EEi^ Ai? ' Ai? ']- 9 ^ 4 i- 

t=ii=i 



Then by (2.13), we have 



E 



N 



E(AF 4 -3a|) 



< 



AT A" 

i=ii=i 



4 4 2 
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i=ij=i 



2 



N N 

<cj2J2 At l /2At ] /2 \ E i AF ^ F jf- 
i=ij=i 

By Holder's inequality, \E[AFiAFj]\ 2 < At 1 / 2 At 1 / 2 , so it will suffice to 
show that 

N-2 N 

£ J2 ^AtflEiAF.AF^^O 

i=l j=i+2 

as | IT | — ► 0. For this, suppose j > i + 1. By (2.11), 

CAtfAt 2 



\E[AF iAFj]\ < 



j 



< 



— 1 t{— \\^\tj ti\ 

CA^J 2 AtT 

<c|n| 3 / 4 - 



At) /2 At l J 2 



Hence, 



t^i-ti\y* 

J2 £ Aty 2 At 1 / 2 \E[AF i AF j }\ 



N-2 N 



,1/2 At l/2 |J?rA p. A P .n2 

i=l j=i+2 



N-2 N 

<C|n| 3 / 4 ^ Yl Itj-i-Ul^AUAtj, 

i=l j=i+2 

which tends to zero as |n| — > since Jq Jq \x — y| _3//4 dx dy < oo. □ 

3. Main result. Let us now specialize to the uniform partition. That is, 
for fixed n G N, let At = n' 1 , tj = jAt and AFj = F(tj) - We wish 

to consider sums of the form 5^}=i 9j(^Fj), where {gj} is a sequence of ran- 
dom functions. We will write these functions in the form gj(x) = a 2 hj(aj 1 x), 
where a 2 = EAF 2 . 

Assumption 3.1. Let {hj(x):x eK) be a sequence of independent 
stochastic processes which are almost surely continuously differentiable. As- 
sume there exists a constant L such that Ehj(0) 2 < L and Eh'j(0) 2 < L for 
all j. Also assume that for each j, 

(3.1) \h'j(x) -h'j(y)\ <Lj\x-y\ 
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for all i,|/6R, where EL 2 < L. Finally, assume that 

(3.2) Ehj(X) = 
and 

(3.3) \Ehi{X)hj{Y)\<L\p\ 

whenever X and Y which are independent of {hj} and are jointly normal 
with mean zero, variance one, and covariance p = EXY . 

Remark 3.2. We may assume that each Lj is o"(/ij)-measurable. In 
particular, {Lj} is a sequence of independent random variables. Also, since 
Eh'-ifi) 2 < L, we may assume that 

(3.4) |^(x)|< 1^(1 + 1x1) 

for all j. Similarly, since Ehj(0) 2 < L, we may assume that 

(3.5) \h j {x)\<L j {l + \x\ 2 ) 
for all j. 

Lemma 3.3. Let {hj} satisfy Assumption 3.1. Let X\,...,Xi be mean 
zero, jointly normal random variables, independent of the sequence {hj}, 
such that EX 2 = 1 and pij = EXiXj . Then there exists a finite constant C, 
that depends only on L, such that 

4 



(3.6) 



< C |/0i2/0 3 4| + 



1 



max 

2 i<2<j 



.\pij\ 



< C max I piil. 

2<i<4 J 



whenever \pi2\ < 1- Moreover, 

4 

(3.7) E\{hj{Xj 
Furthermore, there exists e > such that 

4 

(3.8) E\\hj{Xj) <CM 2 

whenever M = max{|pjj| : i ^ j} < e. 

Proof. In the proofs in this section, C will denote a finite, positive 
constant that depends only on L, which may change value from line to line. 
Let us first record some observations. By (3.4), with probability one, 



(3.9) 



\hj(y) - hj(x)\= / (y-x)h'j(x + t{y-x))dt 

^ 

< Lj\y — x|(l + \x\ + \y - x\). 
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Also, 



hj(y) - hj(x) -(y- x)h' j (x) 



(y-x)(hj{x + t(y-x)) -hj(x))dt, 



so by (3.1), 



\hj{y) — hj{x) — (y — x)h'Ax)\ <\y — x\ / Ljt\y — x\dt 

(3.10) " \ 

<Lj\y-x\ 

for all x,y £M. Also, by (3.4) and (3.5), if we define a stochastic process on 
W l by G(x) =JJ T j =1 hj(xj), then G is almost surely continuously differen- 
tiable with \djG(x)\ < C(ltf =1 Lj)(l + \x\ 2n ~ l ). Hence, 

rt d 

■G(x + t(y-x))dt 



\G(y)-G(x)\ 



dt 



(3.11) 



/ (y-x)-X7G(x + t(y-x))dt 
Jo 



< C\J[ Ljj n\y -x\(l + \x\ 2n ~ l + \y- xf^ 1 ) 

for all x, y G K n . 

Now let Yi = (X 1 ,X 2 ) T and Y 2 = (A" 3 ,A 4 ) T . If |pi 2 | < 1, then we may 
define the matrix A = (EY 2 Y^)(EY 1 Y^)~ 1 . Note that 

C 

(3.12) \A\ < —== max \ Pij \. 

Let Y 2 = Y 2 — AYi, so that EY 2 Y^ = 0, which implies Y 2 and Y\ are inde- 
pendent, and define stochastic processes on M 2 by 

Fij(x) = hi(xi)hj(x 2 ), 
so that Y$ =1 h j {X j ) = F 12 {Y 1 )Fu{Y 2 ). 

Also define X = (X 2 , A3, A4) T and c= (P12, /?13, /?14) T - Note that Ai and 
A — cAi are independent. Define a process on R 3 by 

F(x) = ^2(^1)^3(^2)^4(^3), 
so that Uj=i h o( X i) = hi(X 1 )F(X). 

Let S = EXX T . If M is sufficiently small, then £ is invertible, we may 
define a = T,~ 1 c, and we have \a\ < CM and \a T c\ < CM 2 < 3/4. Note that 
a T c = E\a T X\ 2 > 0. Let a = (1 - a T c) -1 / 2 so that 1 < a < 2 and 



(3.13) 



l — o" 2a c T 
a - 1 = ; — < - < 2a a 



r-l 



1 + a- 
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Define U = <j{X\ - a T X). Note that 

E[UX T ) = a(c T - a T S) = 0, 

so that U and X are independent. Hence, 

a 2 = E(aX 1 f = EU 2 + a 2 E\a T X\ 2 = EU 2 + a 2 a T c, 

so that U is normal with mean zero and variance one. 
For the proof of (3.6), we have 

4 

E [] hjiXj) = E[F 12 (Y 1 )F U (Y 2 )] + E[F 12 (Yi)(Fu{Y 2 ) - F U (Y 2 ))] 

3=1 

(3-14) 

= EFniYjEFufo) + E[F 12 {Y 1 ){F 2A {Y 2 ) - F 34 (Y 2 ))} 

and 

(3.15) EF U (Y 2 ) = EF U (Y 2 ) - E[F U (Y 2 ) - F 34 (Y 2 )}. 
By (3.11), 

1^34(^2) - ^34(^2)1 < CLaLtlAYiKl + \Y 2 \ 3 + l^il 3 ). 

Note that EL\h\ = EL\EL\ < L 2 . Also, since E\Y 2 \ 2 = E\Y 2 \ 2 + E\AY X \ 2 , 
we see that the components of AY\ are jointly normal with mean zero and 
a variance which is bounded by a constant independent of {pij}- Hence, 
Holder's inequality gives 

E\F U (Y 2 ) - F U (Y 2 )\ 2 < ClAfiElY^) 1 / 2 ^ + E\Y 2 \ 12 + E^Y^ 12 ) 1 ' 2 

< C\A\ 2 . 

By (3.12), 

(3.16) (E\F U (Y 2 ) - F 34 (y 2 )| 2 ) 1/2 < 1 ° = max \ Pij \. 
Hence, by (3.15), 

(3.17) 1^34(^)1 < 1^34(3^2)1 + f=2 max 

Note that (3.5) implies £|Fi 2 (Y"i)| 2 < C. Therefore, using (3.14), (3.15), 
(3.16) and Holder's inequality, we have 



3=1 



< lEFniYjEFmQQl + j== max \ Pij \. 



By (3.3), this completes the proof of (3.6). 
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For (3.7), we have 

4 

E Y[ hj(Xj) = Ehi(Xi)EF(X - cXi) 

3=1 

+ Elh^X^FiX) - F(X - cX 1 ))]. 
Since X\ and X — cX\ are independent, (3.2) gives 

4 

(3.18) E J] hjiXj) = £7[/ii(Xi)(F(X) - F(X - cX 1 ))}. 

3=1 

By Holder's inequality and (3.5), 
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EHh^) 

3=1 



<C(E\F(X) - F{X - cX x )\ 



2\l/2 



By (3.11), 



\F(X) - F(X - cX x )\ < C (j[ L^j |cXi|(l + \X\ 5 + IcXil 5 ). 



Hence, 



which gives 



E\F(X) - F(X - cXi)| 2 < C\c\ 2 , 
<C\c\, 



EHhj(Xj) 

3=1 

and proves (3.7). 

Finally, for (3.8), we begin with an auxiliary result. Note that 



E 



X 2 J[h j (X j ) 

j=2 



E[X 2 h 2 (X 2 )]EF u (Y 2 ) 



+ E[X 2 h 2 (X 2 )(F u (Y 2 ) - F U (Y 2 ))]. 
By Holder's inequality and (3.5), 

4 ] 

E X 2 ]l hj(Xj) < C\EF U (Y 2 )\ + C(E\F U (Y 2 ) - F U (Y 2 )\ 2 ) 1/2 . 

- 3=2 J 

If M is sufficiently small, then \p\ 2 \ < C < 1. Hence, by (3.16), (3.17), and 
(3.3), 

4 

E X 2 ]Jh j (X j ) 
- i=2 
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It now follows by symmetry that 



(3.19) 



E 



v T x]lh J (x J : 

i=2 



<C\v\M 



for any »eK 3 , 

Returning to the proof of (3.8), since (3.2) implies Eh\(U) = and U and 
X are independent, we have 

4 

E J] hjiXj) = ElQuiXt) - h^U) - (X 1 - U^U^FiX)] 
j=i 

+ E[(X l -U)h' l (U)F(X)] . 

By (3.10), 

M*i) " M^) " (*i " U)h[(U)\ < - If. 

By (3.13), 1 1 — cr| < Ca T c < C|o|M, so that 

\Xi - U\ = |(1 - cj)Xi + a 7 ^! < C|a|(M|Xi| + |X|). 

Hence, using Holder's inequality and (3.5), we have 
i 



(3.20) 



EUh^Xj 

j'=i 



< C(E|X! - if) 1 / 2 + \E[(Xx - 11)^(11) F(X))\ 



< C\a\ 2 + \E[(X! - U)ti x {U)F(X)\\. 
To estimate the second term, note that 

E[{X 1 -U)h' l {U)F{X)\ = (l-a)E[X 1 h' 1 (U)F(X)]+Eh' 1 (U)-E[a T XF(X)]. 

Therefore, by (3.4), (3.5), (3.13) and (3.19), 

- U)h' x {U)F{X)]\ < C\l - <t\ + C\a\M < C\a\M. 

Combining this with (3.20) and recalling that \a\ < CM completes the proof 
of (3.8). □ 

Corollary 3.4. Let {hj} be independent of F and satisfy Assumption 
3.1. For fceN 4 with k\ < ■ ■ ■ < k±, define 

4 

(3-21) A k = H4.h kj (a^AF kj ), 

i=i 

where cr| = EAF 2 . Let x~ r = (x V l) r . Then there exists a finite constant C 
such that 



(3.22) 



\EA h \ < 



CAt 2 



and \EAu\ < 



CAt 2 
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Moreover, 

(3.23) \EA k \<C 



19 



+ 



1 



At 



and 
(3.24) 



\EAi.\ < 



CAf 



m 



where m = min{fcj+i — ki : 1 < i < 4}. 

Proof. Let Xj = a^AF kj . By (2.9) and (2.10), we have 

2v^ 



Pij \ = \E[XiXj]\ = o-^a^\E[AF ki AF k .}\ < —_ 2 . 



Also, 



\EAi 



n 

Vj=l 



E 



II M**) 
Lj=l 



This, together with (3.7) and symmetry, yields (3.22). 

For (3.23), first note that Holder's inequality and (3.5) give the trivial 
bound |-EAfc| < CAt 2 . Hence, we may assume that at least one of k^ — k% and 
k 2 — k\ is large. Specifically, by symmetry, we may assume that k 2 — k\ > 4. 
In this case, \pi 2 \ < \Ar/4 < 1- Hence, (3.6) gives 



,5 



E 



Lj=l 



<c(n4)(i^34i + -^= i ^xi« J i 



and (3.23) is immediate. 

As above, we may assume in proving (3.24) that m is large. Therefore, 
we can assume that M = max{|pij| : i ^ j} < e. Hence, (3.8) implies 



n 



^2 



\j=l / 
which proves (3.24). □ 



E 



IlM*i) 

■i=i 



Proposition 3.5. With notation as in Corollary 3.4, let 



(3.25) 



[nt\ 

B n (t) = J2^h :j (aJ 1 AF 3 ). 
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If {hj} is independent of F and satisfies Assumption 3.1, then there exists 
a constant C such that 

(3.26) E\B n (t)-B n (s)\ 4 <c( [ntl ~ 



n 



for all < s < t and all n G N. The sequence {B n } is therefore relatively 
compact in the Skorohod space Dr[0,oo). 



Proof. To prove (3.26), observe that 

[nt\ 

E\B n (t) - B n (s)\ 4 = E 



E fyM 1 ^) 

j=ns+l 



Let 



S = {k £N 4 : [ns\ + 1 < h < ■ ■ ■ < k 4 < [nt\}. 

For k G S, define hi = ki + \ — ki and let 

M = M(k) = maxQi!, h 2 ,h 3 ), 

m = m{k) = min(/ii, h 2 , /13), 

c = c(k) = med(/ii, h2,hs), 

where "med" denotes the median function. For i G {1,2, 3}, let Si = {k G 
S:hi = M}. Define N = [nt\ - (|n*J + 1) and for j G {0,1,..., JV}, let 
S{ = {k G Si : M = j}. Further define T/ = T/' £ = {k G S{ :m = £} and V? = 



Lv 



{keT[:c = u}. 



Recalling (3.21), we now have 

[nt] 



(3.27) E J2 ^^(afAFj) 

j=[ns}+l 

Observe that 



kes i=i feeSi 



N 



(3.28) 

and 
(3.29) 



Y\EA k \ = J2J2\ EA k\ 

Lv^J j 



E \ EA k\ = E Ei^i+ E Ei^i- 

Begin by considering the first summation. Suppose < I < and write 

E i^ fc | = E E l^ fc |. 



k&T 



u=£k£V» 
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Fix v and let k G be arbitrary. If i = 1, then j = M = h\ = k2 — k\. If 
i = 3. then j = M = h% = k± — k%. In either case, (3.22) gives 

ISA J < C^-rAt 2 < cY - 1 „,„ + — U ) At*. 



j~3/2 - V (^)~3/2 j~3/2 

If i = 2, then j = M = h>2 = k% — ki and ^z/ = /13/11 = (&4 — k^){k2 — k±). 
Hence, by (3.23), 

|£A ' lsc ((^ + r^) At ' 2 ' 

Now choose z' 7^ i such that hi> = t. With i' given, k is determined by ki. Since 
there are two possibilities for i! and N + 1 possibilities for ki, | < 2(N + 1). 
Therefore, 

E E | Mfc |<c(iV + l)V : v : 1 + A. A ^ 

Lv7J 



£=0 
2 



<c(iV + i)Ar. 

For the second summation, suppose [VXI + 1 <^ < i- (I n particular, j > 1.) 
In this case, if k 6 Tf, then £ = m = min{/cj + i — /cj : 1 < i < 4}, so that by 
(3.24), 



\EA k \ <C^At 2 . 



1 

£—3' 



Since |T/| = £^ \V?\ < 2(N + l)j, we have 

j 



f: J2\EA k \<C(N + l)j ^At 2 



r°° 1 
'Lv^J z 



<C(N + l)j( [°° \dx)At 2 
\J[^]\ x 6 J 

< C(N + l)At 2 . 



We have thus shown that E fcg5 J \EA k \ < C(7V+ l)At 2 . 
Using (3.27)-(3.29), we have ' 



E 



[nt\ 
j=[ns\+l 



4 <c£(iV + l)At 2 = C^ n ' J - M 



7? 
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which is (3.26). 

To show that a sequence of cadlag processes {X n } is relatively compact, 
it suffices to show that for each T > 1, there exist constants j3 > 0, C > 0, 
and > 1 such that 

(3.30) M x (n,t,h) =E[\X n {t + h) - X n (t)f\X n (t) - X n (t - h)f] <Ch e 

for all n G N, all i G [0,T] and all G [0,t]. (See, e.g., Theorem 3.8.8 in [6].) 
Taking (3 = 2 and using (3.26) together with Holder's inequality gives 



M B (n,t,h) < C 



[nt + n/ij — L^iJ \ / [nt\ — [nt — nh\ 



n l \ n 



If nh < 1/2, then the right-hand side of this inequality is zero. Assume 
nh> 1/2. Then 

[nt + nh \ - [nt[ ^ nh+1 

— ± < < 3h. 

n n 

The other factor is similarly bounded, so that Mg(n,t, h) < Ch 2 . □ 

Let us now introduce the filtration 

F t = a{W(A):AcR x [0,t],m(A) < oo}, 
where m denotes Lebesgue measure on M 2 . Recall that 



(3.31) F(t)= p(t-r,y)W(dr x dy) 

J[0,t]xM 

so that F is adapted to {J~t}- Also, given constants < r < s < t, we have 
E[F{t)\F T }= ( p(t-r,y)W(drxdy) 

JfO.rlxR 



and 



,B|ii;[F(t)-F( S )|J- r ]| 2 = T / |p(t- r ,y)-p( S -r,y)| 2 (iydr. 

J 

As in the proof of Lemma 2.1, 

/ pit - r, y)p(s - r,y) dydr = -=Qt + s\ 1/2 - \(t - u) + (s - u)\ l/2 ). 



Therefore, using (2.5), we can verify that 

E[E[F{t) - F{s)\T T ]\ 2 = E\F(t) - F(s)\ 2 - E\F(t - r) - F(s - r) 
Combined with (2.3), this gives 

E\E[F(t)-F{s)\T T ]\ 2 < 5 



|t-r| 3 / 2 ' 
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In particular, 

(3-32) E\E[AFj\F T ]\ 2 < — 

{tj - ry/- 

whenever r < tj-\. 

Lemma 3.6. Let B n be given by (3.25) and assume {hj} is independent 
of Too and satisfies Assumption 3.1. Fix < s <t and a constant k. If 

lim E\B n (t)-B n (s)\ 2 = K 2 (t-s), 

n — >oo 

then 

B n {t)-B n {s)^K\t-s\ l ' 2 x 
as n — > oo, where x ^ a standard normal random variable. 

Proof. We will prove the lemma by showing that every subsequence 
has a subsequence converging in law to the given random variable. 

Let {rij} be any sequence. For each n E N, choose m = m n G {nj} such 
that m n > m n -i and m n > n 4 (t — s) . Now fix n G N and let /x = m(t — s)/n. 
For < k < n, define u k = ms + kfi, and let u n = mt, so that 

mt 

B m (t) - B m (s) = Yl ^I'j^j '^',) 

j=[ms\+l 
n u k 

= E E ^hj^AFj). 

fc=l j=u fc _i+l 

For each pair (J, k) such that u k ^i < j <u k , let 

AF j>k = AFj - E[AFj\F Uk _ lAt ]. 

Note that AFj >k is J r nfe At-measurable and independent of J r Uk _ 1 At- We also 
make the following observation about AFj ik . If we define 

G fc (t) = F(t + r k ) - E[F(t + T k )\F Tk ], 

where r k = u k -iAt, then by (3.31), 



G k (t) = p(t + r k - r, y)W(dr x dy). 

J(r k ,t+r k ]xR 

Hence, G k and T Tk are independent, and G k and F have the same law. Since 

AF jtk = AFj - E[AFj\F Tk ] = G k (tj - r k ) - G^tj-i - r k ), 
it follows that {AFj tk } has the same law as {AFj_ Uk 
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Now define a 2 h = EAF 2 . k = a 2 ,„ and 

Z n ,k= °hkhj{o~^F^ k ) 
i=ufe_i+i 

so that Z nk , 1 < k <n, are independent and 

n 

(3.33) B m (t) - B m {s) = Z n ,k + £m ; 

fc=l 

where 

n u k 
fc=ii=u fe _i+i 

Since AFj k and AFj — AFj >k = £ , [AF J |^ r ltfc _ 1 At] are independent, we have 

a 2 = EAF 2 = EAF 2 ik + E\AF j - AF j k \ 2 

(3.34) ' _ 

= al k + E\AF j -AF hk \\ 

which implies that o 2 k <o 2 < CAt 1 ^ 2 . In general, if < a < b and x, y € R, 
then by (3.5) and (3.9), 

^hjib-^y) - Jhjib-^y)] < (b 2 - a 2 )L,(l + {b^y} 2 ), 

|a 2 %(6 -1 y) - a 2 /ij(a _1 x)| < \a\ 2 CLj\b~ x y - a~ x x\{l + |6 _1 y| + \a~ x x\). 

Note that — a _1 x| < \b~ l — a _1 ||y| + |a _1 ||y — x\ and 



\b~ — a - | = — — — — — < 



ab(b + a) a 3 
Hence, if 5 = b 2 — a 2 , then 

ItfhjQr^-cPhjiar^l 

<CL j (l + \b- 1 y\ 2 + \a- 1 x\){5 + 5\a- 1 y\ + \a\\y-x\). 
Using (2.9), Holder's inequality and (3.34), this gives 
E\a 2 h^ l AF 3 ) - al k h 3 {a^ k AF^ k )\ 

< CE\AFj - AF j<k \ 2 + CAt x ' A {E\AFj - AF ), k \ 2 ) 1/2 . 

By (3.32), 

2Ai 2 2A^/ 2 



E\AFj - AF j>k \ 2 < 



(t,-^_!Ai)3/2 (j-^3/2- 
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Therefore, 

E\Sm\<Y. 



n Uk 



om = cm- 1 / 2 V V r 3/4 

fc=ij=M fe _ 1 +i vj "fc-i; k=1 j = i 



Since — u k _i <Cfi, this gives 

But since m = m n was chosen so that m > n 4 (t — a) , we have i£|e m | < 
Cn — — s| 1//2 and e m — > in L 1 and in probability. Therefore, by (3.33), 
we need only to show that 



E z n,k «|* - s 



1/2 



X 



k=l 



in order to complete the proof. 

For this, we will use the Lindeb erg-Feller theorem (see, e.g. Theorem 
2.4.5 in [5]), which states the following: for each n, let Z n ^, 1 < k < n, be 
independent random variables with EZ n ^ k = 0. Suppose: 

(a) Yl=iEZl k ^a\^d 

(b) for alle>0, lim™ ££ =1 E[\Z nyk \ 2 l {lZnk]>e} ] = 0. 

Then Y2=i z n,k ^ffxasn^oo. 

To verify these conditions, recall that {AFj^} and {AFj— Uh l } have the 
same law, so that 

E ^lkH^F hk ) 

J=Wfe-l+l 



E\Z nk \ — E 



E 



u k -u k _ 1 



^|-B m ,ifc((«Ai - u k -i)At)\ , 



where 



|mtj 

Hence, by Proposition 3.5, 

e|^r<cK-«n) 2 Af 2 . 

Jensen's inequality now gives 

Y2=\ E \ z n,k? < C^Ai = C(t - s), so that 
by passing to a subsequence, we may assume that (a) holds for some a > 0. 
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For (b), let e > be arbitrary. Then 

n n 

Yj E i\ Z n,k\ 2l {\Z n , k \>e}} < £~ 2 E\Z nM \ A 
k=l k=l 

< Ce~ 2 nfi 2 At 2 

= Ce~ 2 n~ 1 (t-s) 2 , 

which tends to zero as n — > oo. 

It therefore follows that Ylk=l Z n ,k °~X as n — > oo and it remains only to 
show that a = n\t — s| 1//2 . For this, observe that the continuous mapping the- 
orem implies that \B m (t) — B m (s)\ 2 o 2 x 2 ■ By the Skorohod representation 
theorem, we may assume that the convergence is a.s. By Proposition 3.5, the 
family \B m (t) — B m (s)\ 2 is uniformly integrable. Hence, \B m (t) — B m {s)\ 2 — ► 
a 2 x 2 in L , which implies E\B m (t) — B m (s)\ 2 — ► a 2 . But by assumption, 
E\B m (t) — B m (s)\ 2 — > K 2 (t — s), so a = n\t — s\ 1 / 2 and the proof is complete. 
□ 

Lemma 3.7. Let B n be given by (3.25) and assume {hj} is independent 
of Too an d satisfies Assumption 3.1, so that by Proposition 3.5, the sequence 
{Bn} is relatively compact. If X is any weak limit point of this sequence, then 
X has independent increments. 

PROOF. Suppose that B n ^ X. Fix < t\ < t 2 < ■ ■ ■ < td < s < t. It 
will be shown that X(t) — X(s) and (X(ti), . . . , X(td)) are independent. 
With notation as in Lemma 3.6, let 

[nt\ 

Z n = Y Vj,k h j(vi,l AF j,k)> 
j=[ns\+2 

and define 

Y n = B n {t)-B n {s)-Z n . 

As in the proof of Lemma 3.6, Y n — > in probability. It therefore follows 
that 

0B n(i) (ii), • • • , B n{j) {t d ), Z n{j) ) => . . .,X(t d ),X(t) - X(s)). 

Note that Fn n8 \+i)At an d Z n are independent. Hence, (B n (ti), . . . , B n (t d )) 
and Z n are independent, which implies X(t) — X(s) and (X(ti), . . . ,X(td)) 
are independent. □ 

Theorem 3.8. Let 

[nt\ 

(3.35) B n (t) = J2 rfhjia^AFj) 

3=1 
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and assume {hj} is independent of ' Too an d satisfies Assumption 3.1. If there 
exists a constant k such that 

lim E\BJt) - Bjs)\ 2 = K 2 (t- s) 

n — >oo 

for all < s <t, then (F,B n ) =>• (F,kB), where B is a standard Brownian 
motion independent of F. 



Proof. Let {n(j)}J^ =1 be any sequence of natural numbers. By Proposi- 
tion 3.5, the sequence {(F, B n ^)} is relatively compact. Therefore, there ex- 
ists a subsequence m(k) = n(jk) and a cadlag process X such that (F, B m ^) =^ 
(F,X). By Lemma 3.7, the process X has independent increments. By 
Lemma 3.6, the increment X(t) — X(s) is normally distributed with mean 
zero and variance K?\t — s\. Also, A(0) = since B n (0) = for all n. Hence, 
X is equal in law to kB, where B is a standard Brownian motion. It remains 
only to show that F and B are independent. 

Fix < ri < • • • < re and define £ = (F(ri), . . . ,F(rg)) T . It is easy to see 
that X = E££ T is invertible. Hence, we may define the vectors v j G IR £ by 
vj = E[£AFj], and aj = E^Vj. Let A*Fj = AFj - aj£, so that A*Fj and £ 
are independent. 

Define 

LniJ 

B* n (t) = J^a]h j (a- 1 A*F j ). 
3=1 

As in the proof of Lemma 3.6, 



E 



sup \B n (t) - B*(t)\ 

0<t<T 



[nT] 



\nT\ 



<C^ K'|Ai 1/4 + C^ 



3=1 3=1 

where C is a constant that depends only on (?r,. . . ,77). Also note that 



\aj\<C\vj\ <C^2\E[F( ri )AFj]\. 

i=l 

Hence, 



E 



sup \B n {t) - B* n (t)\ 

0<t<T 



I YnT\ 

<CA^4££|£ [F(r . )AjPj] | 
%=\ j=l 
i YnT\ 

+ c^2T,\ E i F ^) AF 3]\ 2 - 

i=l j=l 
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Using estimates similar to those in the proof of (2.11), it can be verified that 
limsup \E[F(ri)AFj] \ <C — du<oo 

n^oo J^-y Jo \u — ri\ L / 2 

and 

LniJ 
3=1 

Thus, (£, B*( n ), B*(r e )) => (£, KB(n), kB{u)). Since £ and B* are 
independent, this finishes the proof. □ 

4. Examples. 

4.1. Independent mean zero sign changes. 

Proposition 4.1. Let {£.,•} be a sequence of independent mean zero ran- 
dom variables with = 1. Suppose that the sequence {£.,■} is independent 
of T^. Let 

[ntj 

B n (t) = J2^F%. 

3=1 

Then (F, B n ) (F^Qtt^B), where B is a standard Brownian motion inde- 
pendent of F . 

Proof. Let hj(x) = CjX 2 . Then {hj} satisfies Assumption 3.1 with Lj = 
2|£j| and L = 4, and B n has the form (3.35). Moreover, 



E\B n {t) - B n {s) 
By (2.12), 



\nt\ 
j=\ns\+l 



\nt\ 

: £ EAFj. 

j=\ns\+l 



lim E\B n (t) - B n (s)\ 2 = QTi~ l (t - s). 



n— >oo 

The result now follows from Theorem 3.8. □ 



4.2. The signed variations of F. In this subsection, we adopt the nota- 
tion x r=t = |x| r sgn(r). We begin by showing that the "signed cubic variation" 
of F is zero. 

Proposition 4.2. // Z n (t) = e}=i AF], then Z n (t) -> uniformly on 
compacts in probability. 
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Proof. Note that x n — > in Dr[0, oo) if and only if x n — > uniformly 
on compacts. Hence, we must show that Z n — > in probability in -Dr[0, oo), 
for which it will suffice to show that Z n =^0. 

Note that 

[nt\ 2 

E AFf 

j=[ns\+l 



E\Z n (t) — Z n (s)\ 2 = E 



[nt\ [nt] 

< J2 E \E[AF%AFj]\. 

i=[ns\+l j=[ns]+l 

To estimate this sum, we use the following fact about Gaussian random 
variables. Let Xi,X2 be mean zero, jointly normal random variables with 
variances a 2 . If p = {o-\U2)~ l E[XiX2], then 

E[X'fxl] = afalp(6p 2 + 9). 
Applying this in our context, let pij = (o-jOj)" 1 E[AFiAFj], so that 

\nt\ \nt\ 

E\Z n (t)-Z n (s)\ 2 <C Yl E °i°j\Pii\ 

i=ns+l j=[ns\ + l 



\nt\ \nt\ 

C E E o-f(jj\E[AF iAF j] | . 

i=ns+l j=[ns\ + l 



At 



-3/2 



Using (2.10), this gives 

\nt\ \nt\ 

E\Z n (t) - Z n (s)\ 2 <C Yl E ^VaI 
i= [rasj +1 j'= [nsj +1 

Hence, Z n (t) — > in probability for each fixed i. Moreover, taking j3 = 1 in 
(3.30), this shows that M z (n,t,h) = when n/i < 1/2, and M z (n,t,h) < 
Chs/At < CY?I 2 when nh > 1/2. Therefore, {Z n } is relatively compact and 
Z n => 0. □ 



LEMMA 4.3. Lei Xi,X2 &e mean zero, jointly normal random variables 
with EX 2 = 1 and p = E[X\X 2 ] ■ Let 

K(x) = - xVl-x 2 + - (1 + 2x 2 ) sin -1 (a;), 

7T 7T 

w/iere sin _1 (a;) G [-vr/2, vr/2] . T/ien .ELY^X^] =-K"(p). Moreover, /or a// 
i£ [-1,1], we have \K{x)-%x/-k\ < 2\x\ 3 , so that I^X^X^]] <5\p\. 
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Proof. Define U = X\ and V = (1 - p 2 ) _1 / 2 (X 2 - pXi), so that U and 
V are independent standard normals. Then X\ = U and X2 = r/V + pU, 
where ij = y 1 — p 2 , and 

£[X 2± X 2 2± ] = i- / / K^ + pn)] 2± e -(" 2 +- 2 )/ 2 d U ^ 



4 

7T 

If a = tan (— p/77), then we can write 

r vr/2 



1 (-27r roo „ 

— / / cos 0(7/ sin + pcos#)] 2± r 5 e- r /2 drcZ0 

27T Jo JO 

/-2tt 

/ [cos 2 0(r ? tan0 + p)] 2± d0. 
J 



MX 2± X 2± ] = - r [cos 2 0(r/tan0 + p)] 2 d0 

cos 2 0(?7tan0 + p)] 2 (i0 



7T 



tt/2 
tt/2 



cos 2 0(??tan0-p)] 2 ci0 



[cos 2 0(r/tan0 + p)] 2 d0. 

7T J-tt/2 

By symmetry, we can assume that p < 0, so that a > 0. Then 
J E[X 1 2± X 2 2± ] = pi] cos 4 0tan0d0- - / [cos 2 0(r/tan0 + p)] 2 d0 

VT J-Tr/2 vr ,/_ a 

= p?? — cos a / cos ado 

7T \ 4 / 7T Jo 

+ — ?7 2 / cos 4 0(l-tan 2 0)d0. 
vr Jo 

Using a = sm~ 1 (—p) and the formulas 

J cos 4 0(l-tan 2 0)d0= (0 + sin0cos0 + 2sin0cos 3 0)/4, 

/ cos 4 dd = (30 + 3 sin cos + 2 sin cos 3 0) /8, 

we can directly verify that £^[X 2± X 2=t ] = K{p). 
To estimate note that K e C°°(— 1, 1) with 



if' (a;) = -(Vl - x 2 + xsin x (a;)), 

7T 



^"(x) = -sin- 1 (x). 

7T 
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Since K" is increasing, 

<\x 2 K"(\x\). 

But for y S [0, 7r/2], we have siny > 2y/-7r. Letting y = ttx/2 gives sin~ 1 (x) < 
ttx/2 for x £ [0, 1]. We therefore have K" (\x\) < A\x\, so that \K(x)-8x/ir\ < 
2\x\ 3 . □ 

Proposition 4.4. Let K be defined as in Lemma 4-3, and 7, as in 
Lemma 2.1. If 

[nt\ 

B n (t) = J2&F]sgn(AF j ), 
i=i 

then (F, B n ) => (F, kB), where k 2 = Qtt~ 1 - Air~ l Y^Lq K{h/2) > and B is 
a standard Brownian motion independent of F. 

PROOF. Let hj{x) = h(x) = x 2± , so that 

[nt\ 

B n (t) = J2^h j (aJ 1 AF j ). 

Since h is continuously differentiable and h'(x) = 2\x\ is Lipschitz, {hj} satis- 
fies (3.1). Moreover, if X and Y are jointly normal with mean zero, variance 
one, and covariance p = EXY ', then Eh(X) = and \Eh(X)h(Y)\ < 5\p\ by 
Lemma 4.3. Hence, {hj} satisfies Assumption 3.1. By Proposition 3.5, 

(4.1) E\B n (t) - B n (st < C( M ; H ) 2 

for all < s < t and all n £ N. 

By Theorem 3.8, the proof will be complete once we establish that k is 
well-defined, strictly positive and 

(4.2) lim E\BJt) - BJs)\ 2 = K 2 (t - s) 

for all < s < t. 

By (2.8), 7i/2 E (0, 1] for all i. Thus, by Lemma 4.3, 

oo Q°°1 00 /I \3 A 00 1 00 

«=i «=i i=i «=i i=i 

Since 7j = /(i — 1) — f(i), where f{x) = y/x + 1 — y/x, we have that li = 
/(0) = 1. Moreover, by (2.8), 



K(x) x 

7T 
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1 / r°° l 

-27fl 1 + 7i ^ 



r/.r 



9^2 



Thus, 



Vet 7i /2 < - + < -. 

4rf - vr 112 2' 



which gives 67r _1 — 4-7r _1 K-di/ty > 0, so that « is well-defined and 
strictly positive. 

Now fix < s < t. First assume that s > 0. Then 



E\B n {t) - B n {s)\ 2 = E 



\nt\ 

E AFf 

j=[ns\+l 



\nt\ \nt\ j-1 

: £ + 2 E E E[AF 2± AF 2 

j=[ns\+l j= [rasj +2 i=[nsj +1 



2±1 



|nt] [n*J j-1 

: E -At-- E E K^j^At + Rr, 

j=[nsj+l j'= [nsJ+2 i= \ns\ +1 



where 



[ratj 

E f^-§At 



j'=[nsj+l 



j-1 



+ 2 E E (^[AF^AFf ] + ^( 7i -i/2) At 

j'=|nsj+2i=[riaj+l 



Observe that 



LniJ 



y -At 



6 / [nij — [ns\ 



j=[ns}+l 



7T V 



7i 



7T 



:(*-«) 



and 



(4.3) 



[ntj j — 1 [nt] j — [ns] — 1 

53 E *(7j-i/2)Ai = E E ^(Ti/2)At 

j=LnsJ+2i=LnsJ+l j=|rasJ+2 i=l 



/V j 



1 



j=i i=i 
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where N = [nt\ — [ns\ — 1. Thus, 

[nt] j-l N N 1 

£ £ ^( 7 ^/2)At = ^^-K( 7i /2 

j=|_nsj+2i=|nsj+l 

(4.4) 

'JV i 



i=l j=i 
JV 



E 

t=i 



n n 



^(7i/2). 



We claim that n 1 Y^f=\ — ► as n — > oo. To see this, fix m £ N and 
note that 

1 * to m TV * 

-]T^( 7 ,/2)<-]T^( 7i /2) + - £ tf(T4/2). 
re f— f re r— f re . ^ , 

1=1 i=l r=m+l 

Since iV/n — > (t — s) as re — > oo, this gives 



1 



AT 



limsup-^iK( 74 /2)<(i-s) V K( 7i /2). 

n— >oo fl . . ■ , 1 

«=1 «=m+l 

Letting m — > oo proves the claim. It now follows that 

[nt] . \nt\ j-1 

j=[ns}+l j=[ns\+2 i=[ns]+l 

and it suffices to show that R n — > as n — > oo . 
Now, by Lemma 4.3, 



AFA 2± /AF ; 



CT,; 



2± 



a i a j K{p ij ) 



where of = EAF 2 and 

~/AFi\ fAF, 



Pij = E 



\ 0i / V 0" 



((Ti^O-^tAFiAFj]. 



Define a = of a 2 , 6 = if (p^), c = 2At/vr, and d = K(-^j-i/2). By (2.10), we 
have |o| < CAt. By (2.10) and (2.3), 



a — c 



^ 2 I ^ 2 

0i Oj 



l 2At\ 2 At 



+ 



7T 



2At\ 



IT J 



<C -LAt 5 / 2 . 



,3/2 



By Lemma 4.3, \K(x)-K{y)\ < C\x-y\, so that |d| < C and |6-d| < C|p^ + 
7 3 -_i/2|. Rewriting this latter inequality, we have that \b — d\ is bounded 
above by 
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Observe that 



7T 

2At 



7T 

2At 



2At 



7T 



a? I + 



(7; 



so that by (2.10) and (2.3) 



2 2 



2 At/ 



1 2 At 



7T 



(7, 



Hence, by (2.4), |a||6 - d\ < Ct i 3/2 At 5 / 2 . We therefore have 



E[AF 2± AF 2± } + -K(jj-i/2)At 



Since £, > s > 0, this shows that 



= \ ab — cd\ 

< |a||6-d| + \d\\a-c\ 

< Ct" 3/2 At 5 / 2 . 



L«*J j'-l / 2 \ 

53 E ^[AF 2± AFf ] + -Jf( 7i _,/2)At) - 0. 

j=|nsj+2i=|nsj+l ^ ' 

Combined with (2.12), this shows that R n — > 0. 

We have now proved (4.2) under the assumption that s > 0. Now assume 
s = 0. Let e G (0,£) be arbitrary. Then by Holder's inequality and (4.1), 

\E\B n (t)\ 2 - kH\ = \E\B n {t) - B n (e)\ 2 - K 2 (t - e) 

+ 2E[B n {t)B n {e)} - E\B n {e)\ 2 - k 2 e\ 

< \E\B n (t) -B n (e)\ 2 -K 2 (t-e)\ +C(VTe + e). 

First let n — > oo, then let e — ► 0, and the proof is complete. □ 

4.3. Centering the squared increments. 

Proposition 4.5. Let ji he defined as in Lemma 2.1. If 

[nt] 

B n {t) = Y J {AF)-a 2 ), 

then (F, B n ) =>- (F, k,B), where k 2 = Att^ 1 + 2tt~ 1 it an ^ B is a standard 
Brownian motion independent of F. 
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Proof. Let hj(x) = x 2 — 1. Then {hj} clearly satisfies (3.1) and (3.2). 
For jointly normal X and Y with mean zero and variance one, E(X 2 — 
l)(Y 2 — 1) = 2p 2 , so {hj} also satisfies (3.3). Since 

[nt\ 

B n (t) = J2^h,(aj 1 AF 3 ), 
3=1 

it will suffice, by Theorem 3.8, to show that 

(4.5) lim E\B n {t) - B n (s)\ 2 = K 2 (t - s). 



By Proposition 3.5, 



E\B n{ t)-B n{ st<c{^^) 



for all < s < t and all n E N. Hence, as in the proof of Proposition 4.4, it 
will suffice to prove (4.5) for s > 0. 
Assume s > 0. Then 



E\B n (t) - B n (s)\ 2 = E 



\nt\ 

E (Ail -4) 

j=\ns\+l 



\nt\ \nt\ j-l 

£ 2a} + 2 £ E ^EAFiAFjl 

j=[ns]+l j=[ns]+2i=[ns]+l 



4 ( [nt\ - [ns\ 

TT 



n 



3-1 



+ - E E Tj-iAt+i^, 



j=[ns\+2 i=[ns}+l 



where 



\nt\ 

E 



,7 = |rasJ+l 



At 



7T 



L"*J 3-1 

+ 4 E E (\EAFiAFj 

j=[ns]+2 i=[ns]+l 

By (2.4), (2.8) and (2.10), 



2 At 2 



2tt 



7j-i 



As in (4.3) and (4.4), 

E E 

j=|nsj+2i=|nsj+l 



2tt 7j " 4 



< 



CAt 5 / 2 

> 3/2 0'-0 3/2 ' 



At 



(i-i)3/2 



(*--)£■ 



1=1 



;3/2 ' 
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Together with (2.12), this shows that R n — > 0. Hence 

E\B n (t) - B n (s 

and the proof is complete. □ 
Corollary 4.6. // 

[nt\ 



7T 7T — ' 

1=1 



/[ntj 
V.7'=l 



then (F, B n ) =>• (F, kB), where k 2 = Air 1 + 2tt 1 7« 2 an <^ B is a standard 
Brownian motion independent of F. 



Proof. Note that 



[nt\ 



B n (t) = \/ — ([nt\ -nt) + J2(^F 



1 2 At 



7T 



and by (2.3), 



sup 

0<s<t 



[ns\ 



'2 At 



7T 



|nsj 



\nt\ 

<E 

i=i 



'2 At 



7T 



[nt\ 



The result now follows from Proposition 4.5. □ 
4.4. Alternating sign changes. 

PROPOSITION 4.7. Let ji be defined as in Lemma 2.1. If 

\nt\ 

B n {t) = Y,^F*{-iy 1 

then (F, B n ) => (F, kS), where k 2 = Att' 1 + 2vr^ 1 E£o(- 1 ) i 7 4 2 > and B is 
a standard Brownian motion independent of F. 



Proof. Let 



\nt\ 

y n (t) = ^(-i)^(AF J 2 -^; 
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and 

[nt\ 

i=i 

so that B n = Y n + A n . Note that Y n is of the form (3.35) with hj(x) = 
(— l) J (x 2 — 1). As in the proof of Proposition 4.4, k is well-defined and 
strictly positive. Using the methods in the proof of Proposition 4.5, we have 
that (F,Y n ) =>■ (F,kB). To complete the proof, observe that 

[nt/2\ 

sup \A n (s)\ < a[ ntl + J2 \ a 2j- a %j-i\> 



0<s<t 



and by (2.3), 



U 2 2 \ 

F2j-^-ll < 



At 



(2j - 1)3/2 ■ 

Hence, A n — > uniformly on compacts. □ 

Corollary 4.8. Let k be as in Proposition 4-7. Define 

[nt/2\ 

[nt/2J 

I n (t)= £ Ffe-MFfaA-Ffaj^)). 
Let B be a standard Brownian motion independent of F, and define 



and 



Then (F,B n ,I n )=>(F,B,I). 
Proof. Note that 



\nt\ 



KB n (t)-Y,^F}(-^ 



< AF 



[nt\ ■ 



so that by Proposition 4.7, (F,B n ) (F,B). Also note that by (1.5), 

F{t) 2 = 2I n (t) + K B n (t) + e n (t), 

where e n (t) = F(t) 2 — F(t2jv) 2 and N = [nt/2\ . The conclusion of the corol- 
lary is now immediate since £ n (t) — > uniformly on compacts. □ 
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